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Axions Question Example :
For ato, Prone that I= a e.g . Al commutativity of

addition

at each step , label
which axiomyou are using
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3. Let S ✓ R be nonempty and u be an upper bound of S. Show that the following
two statements are equivalent:

(a) if v is any upper bound of S, then u  v.

(b) for any " > 0, there exists s" 2 S such that u� " < s".

If : (a)= (b) : lot>O be given , Clearly n-3/1 .

So by
contrapositive of (a), n-e is not an upper

bond ofS.
Snice U-E is not an wibi , we can find an sees
S
.
t

. U-EXSE .

(b) = (a)· Suppose U satisfies (b) . Let be an u .b - ofS.
Sps onthe contrary that v>n .

Then take 2= U-VSO

Then by (b) , ESES S
.
t

. SeU-50 = V.

contradicts factthat vis an u.b . of S .

,
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4. (Exercises 2.3.12 and 2.3.13 of [BS11])

(a) Let S ✓ R and suppose that s⇤ = supS belongs to S. If u /2 S, show that
sup(S [ {u}) = sup{s⇤, u}.

(b) Show that a nonempty finite set S ✓ R contains its supremum.

Pf: (9) : 2 cases : 1) UCS*. Then clearly s is an

4 .
b

. of SvEu3 . Remains to show sp is lu.b
.

let be an us . of ScGus . We
have v>u,

vs for all SeS- v2, S
* Since SP-supS

Then since S>1
,
wee also have >, S& U.

So Szsup (SUEu5).

2) .

Similar

b) We miduet onthesize of the set.
Base case Ex 15 . Trivially, x1 = supEX .] .

-

[X1 ,X2]

Induction Step : Suppose S
= Ex1. ..., Xm3 and

supSeS , that is, Xj =sups for some ji
l
....43

By previsin part, we
know that

supEx.... - ,Xm,Yat] = ScepEXj · YetiB ,and both

X , Ye lie in
the see EX - ---Lety
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5. By the Archimedean property of R, we can deduce that inf

⇢
1

n
: n 2 N

�
= 0. Prove

the converse statement, i.e., assume we know that inf

⇢
1

n
: n 2 N

�
= 0, then prove

the Archimedean property without invoking the completeness axiom.

PG: let XeR .

WTS EneN s .
t . XXMx . If X 0

,
then

clearly /EN works. Now suppose x30 . Then Oc*
Then since O is the infirm of the Set Et : neN],
we know thatI is not a 1.b of the set.
So Enye sit . 0 *.

Taking recipisal, we are done/
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6. Let r 2 R be fixed. Determine the infimum and supremum of the set X = {|q� r| :
q 2 Q} if they exist.

If : First show X is not
boundedby A .P . let OEMER

Then WTS EquER s .t . M < 19m- r1.
But by A .

P
. EnmeNst M+r <M. So weare
&

done .

So sup X does not exist.

Now show inf X= 0 . By 2-condition of infirm , suffices
to show +EL0 , EggER Sit . Iga-rl < 2 which folhers

by density of Rin R .


